We prove a precise version of a theorem of Siu and Beauville on morphisms to higher genus curves, and use it to show that if a variety X in characteristic p lifts to characteristic 0, then any morphism X → C to a curve of genus g ≥ 2 can be lifted along. We use this to construct, for every prime p, a smooth projective surface X overFp that cannot be rationally dominated by a smooth proper variety Y that lifts to characteristic 0.
Introduction
Given a smooth proper variety X over a field k of characteristic p > 0, a lift of X to characteristic 0 consists of a DVR 1 R of characteristic 0 with residue field k and a flat proper R-scheme X whose special fibre X 0 is isomorphic to X.
Varieties that lift enjoy some of the properties of varieties in characteristic 0. For example, minimal surfaces of general type that lift to characteristic 0 satisfy the Bogomolov-Miyaoka-Yao inequality [Lie13, Ex. 11.5]; and for varieties of dimension d ≤ p that lift over the Witt ring W (k), or even its characteristic p 2 quotient W 2 (k), the Hodge-de Rham spectral sequence degenerates and ample line bundles satisfy Kodaira vanishing [DI87] . Liftability of K3 surfaces [Del81] plays an important role in the recent proofs of the Tate conjecture for K3 surfaces over finitely generated fields [Cha13] , [Mad15] In other words, can one "resolve characteristic p pathologies", in much the same way one resolves the singularities of a variety? The main result of this paper is a negative answer to this question:
Theorem 1. Let C be a supersingular curve overF p of genus g ≥ 2, and let X ⊆ C × C × C be a sufficiently general divisor. If Y is a smooth proper variety admitting a dominant rational map Y X, then Y cannot be lifted to characteristic 0.
Here, a curve C is supersingular if its Jacobian is a supersingular abelian variety, and by a sufficiently general divisor we mean that there is a Zariski open U ⊆ NS(C 3 ) ⊗ Q such that for every very ample line bundle L whose Néron-Severi class lands in U , a general member X ∈ |L ⊗n | for n 0 satisfies the conclusion of the theorem. See Theorem 6.3 and Remark 6.5.
Another motivation for Question 1 comes from motives. A positive answer would give a strategy for deducing cohomological statements in positive characteristic from characteristic 0 situations. Indeed, if f : Y → X is a surjective morphism of smooth proper varieties, then the pullback f * : H * (X) → H * (Y ) for any Weil cohomology theory H is injective [Kle68, Prop. 1.2.4]. If we can find such Y that lifts to characteristic 0, then one can try to deduce properties of H * (X) from characteristic 0 analogues.
For example, if X is a smooth projective variety overF p and α ∈ CH i (X) Q is an algebraic cycle, then it is expected 2 that the vanishing or nonvanishing of cl(α) ∈ H 2í et (X, Q ) does not depend on the prime . A strategy for this problem would be to dominate the pair (X, α) by a pair (Y, β) that can be lifted. The present paper shows that this is not even possible in absence of the cycle α.
If the ground field isF p , then there is no cohomological obstruction to the main question, since Honda showed [Hon68] that the Gal(F q /F q )-modules H í et (X, Q ) appear inside the cohomology of abelian varieties admitting CM lifts.
Outline of the proof
Like in Serre's example, we have no direct obstruction to liftability of X or Y . Rather, we prove that additional geometric structure can be lifted along, and then set up our example to obtain a contradiction. In Serre's argument, the additional structure that lifts is a finite étale Galois cover X → X. This structure lives above X, so we have no way to use it on Y . Instead, we lift structure below X: Theorem 2. Let X be a variety in characteristic p, and let X → Spec R be a lift over a DVR R. Let φ : X → C be a morphism to a smooth projective curve of genus g ≥ 2 such that φ * O X = O C . Then φ can be lifted to a morphism φ : X → C, up to an extension of R and a Frobenius twist of C.
A precise version is given in Theorem 2.1. The proof relies on a classification of morphisms X → C to higher genus curves depending only on the fundamental group of X. For this, we need the following precise version of Siu-Beauville's theorem [Siu87, Thm. 4 .7], [Cat91, Appendix] .
Theorem 3. Let X be a smooth proper variety over an algebraically closed field k of characteristic 0, let be a prime, and let g 0 ≥ 2. Then the association φ → φ * induces a bijection
on equivalence classes for naturally defined equivalence relations.
Here, Γ g denotes the pro-fundamental group of a genus g smooth projective curve. On the left hand side, two pairs (C 1 , φ 1 ), (C 2 , φ 2 ) are equivalent if they both factor through a third pair (C, φ) (Definition 1.2). On the right hand side, two open maps ρ 1 , ρ 2 are equivalent if their abelianisations both factor through the abelianisation of a third map ρ (Definition 1.5).
The classical statement of Siu-Beauville is recalled in Theorem 1.1, and our version is Theorem 1.6. The proof is a refinement of Beauville's argument [Cat91, Appendix] .
To deduce Theorem 2 from Theorem 3, we use the specialisation isomorphism
where k is the residue field and K the fraction field of R. The map φ : X → C gives rise to a map φ * : πé t, 1 (XK) ∼ = πé t, 1 (Xk) Γ g , which in characteristic 0 comes from some morphism φ : XK → C to a higher genus curve. The proof is carried out by relating (φ , C ) to the pair (φ, C) we started with.
With Theorem 2 in place, we want to study varieties admitting many morphisms to higher genus curves. We will work on a product r i=1 C i of curves of genera g i ≥ 2, and we define for each i ∈ {1, . . . , r} an obstruction E i (L ) for a line bundle on i C i to lift to i C i for lifts C i of the C i . The definition and main properties of E i (L ) are given in Section 3. The isomorphism
suggests that we should look at supersingular curves C i , because the supersingular abelian varieties J i = Jac Ci have more automorphisms than is possible in characteristic 0. In Section 4 we construct a line bundle L on a power C 3 of a supersingular curve C of genus g ≥ 2 such that no multiple L ⊗n for n > 0 can be lifted to i C i for any choice of lifts C i of C i ; see Lemma 4.3. The proof of Theorem 1 then roughly goes as follows. Choose a line bundle L on C 3 = i C i as above, and let X ∈ |L | be a general member. If Y X is a surjective morphism (for simplicity), then consider the projections φ i : Y → C i .
By Theorem 2, if Y is a lift of Y , then the φ i can be lifted to maps φ i : Y → C i (for simplicity we ignore Stein factorisation and Frobenius twists). Then the image of the product map
is a divisor whose special fibre is a multiple of the reduced divisor X. But then a power of O Ci (X) = L lifts to i C i , contradicting the choice of L .
There are some additional technical difficulties one runs into, coming from the fact that the morphisms Y → C i do not lift on the nose. Rather, one has to take their Stein factorisation Y → C i → C i first, and then the morphisms Y → C i only lift up to a power of Frobenius F : C i → C i (see Theorem 2).
One therefore has to devise an argument that is flexible with respect to finite covers C i → C i . We facilitate this as follows:
• We show that the obstruction E i (L ) to the liftability of L to i C i is well-behaved with respect to pullback under finite morphisms (Lemma 3.10). This is the reason we use this intermediate obstruction, rather than working directly with nonliftable line bundles.
• At the end of the argument, we take the scheme-theoretic image. This is only well-behaved with respect to pushforward, not pullback. Pullback and pushforward can be interchanged as long as the inverse image of X under
• But we have to define X before we know what the finite covers C i → C i are.
We call a divisor X ⊆ i C i stably irreducible if its inverse image in i C i is irreducible, regardless of the covers C i → C i . A Bertini theorem proves that a general member of |L ⊗n | for n 0 satisfies this property (Proposition 5.3).
Structure of the paper
The paper is divided into three (roughly) equal parts, each spanning two sections:
• In Section 1 we prove Theorem 3, which we then use in Section 2 to prove Theorem 2. This is the geometric part of the argument.
• In Section 3, we study line bundles L on a product i C i and define an obstruction E i (L ) for L to lift. We use this in Section 4 to construct a line bundle on the third power C 3 of a supersingular curve that cannot be lifted. This is the cohomological part of the argument.
• In Section 5, we construct stably irreducible divisors in |L ⊗n | for n 0. This gives the variety X of Theorem 1. In Section 6, we carry out the construction and proof. This paper presents the main result of the author's dissertation [vDdB18a] . The statement and proof of Theorem 3 are new; in [vDdB18a] we use a more complicated argument relying on results from nonabelian Hodge theory [Sim91, Thm. 10], [CS08] to deduce Theorem 2. The dissertation further contains proofs of well-known results for which no detailed account in the literature was known to the author; we occasionally refer the reader there for extended discussion.
Notation
A variety over a field k will mean a separated scheme of finite type over k that is geometrically integral. When we say curve, surface, threefold, etc., this is always understood to be a variety.
A smooth proper variety X over a perfect field k of characteristic p > 0 is supersingular if for all i, all Frobenius slopes on
X is an abelian variety, this reduces to i = 1, hence it recovers the usual notion. If X is a curve, then it is supersingular if and only if its Jacobian is.
For two S-schemes X and Y , we will write Mor S (X, Y ) for the set of morphisms of S-schemes X → Y , and Mor S (X, Y ) for the functor Sch S → Set mapping T → S to Mor T (X T , Y T ) (or the scheme representing this functor, if it exists). Similarly, if A and B are abelian schemes over S, then Hom S (A, B) will denote the group of homomorphisms A → B of abelian schemes, and Hom S (A, B) will denote the group scheme of homomorphisms (see e.g. [vDdB18a, Cor. 4.2.4] for representability). The group Hom S (A, B) ⊗ Q will be denoted Hom
We will write πé t 1 (X) for the étale fundamental group of a scheme X, πé t, 1 (X) for its maximal pro-quotient, and π top 1 (X) for the topological fundamental group of a C-variety X. All maps between profinite groups are assumed continuous. We will write Γ g , Γ g , and Γ g for the topological, étale, and pro-fundamental groups of a smooth projective genus g curve over C respectively. We consistently ignore the choice of base point, because it does not affect the arguments.
If P is a property of schemes and X → S is a morphism of schemes, then P holds for a general fibre X s if there exists a dense open U ⊆ S such that P(X s ) holds for all s ∈ U . We will sometimes omit mention of P and say that X s with s ∈ U is a general member of the family. If S is a variety over a finite field k, then there need not exist a general member that is defined over k.
A rng is a ring without unit, and a Q-rng is a rng which is also a Q-vector space.
A precise version of Siu-Beauville
The following result was obtained independently by Siu [Siu87, Thm. 4 .7] and Beauville [Cat91, Appendix] . Theorem 1.1 (Siu-Beauville). Let X be a compact Kähler manifold, and let g 0 ≥ 2. Then X admits a surjection φ : X → C to a compact Riemann surface C of genus g(C) ≥ g 0 if and only if there exists a surjection ρ : π top 1 (X) Γ g0 .
We will upgrade this in Theorem 1.6 to a bijection between suitable sets of surjections X → C and maps π 1 (X) → Γ g with finite index image. For our mixed characteristic application, it is convenient to work with the pro-fundamental group, but all arguments can also be carried out with the topological fundamental group (if k = C) or the profinite fundamental group. Definition 1.2. Write Mor(X, ≥ g 0 ) for the set of pairs (C, φ) where C is a smooth projective curve of genus ≥ g 0 and φ : X → C is a nonconstant morphism, up to isomorphism (as schemes under X). By de Franchis's theorem, this is a finite set if g 0 ≥ 2 [dFr13] (see e.g. [Mar88] for a modern proof).
0 ) such that both φ i factor through φ. This is equivalent to the statement that in the Stein factorisations 
for i ∈ {1, 2} both factor through ρ ab . Equivalently, the pullbacks in
Theorem 1.6. Let X be a smooth proper variety over an algebraically closed field k of characteristic 0, let be a prime, and let g 0 ≥ 2. Then the association φ → φ * induces a bijection
on equivalence classes for the relations of Definition 1.2 and Definition 1.5.
The proof will be given after Corollary 1.13. By Corollary 1.9 below, the classical Siu-Beauville theorem amounts to the statement that one side is nonempty if and only if the other is.
Remark 1.7. In Mor(X, ≥g 0 ), every equivalence class C for ∼ has a canonical representative given by the unique
1 (X), Γ ≥g0 ) do not have a preferred representative (see also Remark 1.14). In fact, it is not even clear that ∼ defines an equivalence relation on Hom
• (πé t, 1 (X), Γ ≥g0 ); this will follow from the proof.
We first discuss some general properties of the groups Γ g . The following result is an unstated consequence of [And74] .
be an exact sequence of finitely generated groups. If H is an -group and N has trivial centre, then the pro-
Proof. By [And74, Prop. 3 and Cor. 7], it suffices to show that the image of the conjugation action G → Aut(N ab / ) is an -group. But this map is trivial on N since conjugation of N acts trivially on N ab . Hence, it factors through G/N = H, which is an -group. Corollary 1.9. Let g ≥ 2, and let
The corresponding statement for Γ g (resp. Γ g ) follows from topology (resp. algebraic geometry). The difficulty is that pro-completion (resp. maximal pro-quotient) is in general only right exact.
Proof. By solubility of -groups, we may reduce to the case that U is normal (or even n = 1). If H = Γ g /U , then consider the surjection Γ g H. Its kernel is Γ n (g−1)+1 , whose pro-completion has trivial centre [And74, Prop. 18]. Therefore, Lemma 1.8 implies that U ∼ = Γ n (g−1)+1 .
The following lemma addresses injectivity of the map of Theorem 1.6. It also holds in positive characteristic, which will be used in the proof of Theorem 2.1. Lemma 1.10. Let X be a smooth proper variety over an algebraically closed field k, and let be a prime invertible in k. Let (C i , φ i ) ∈ Mor(X, ≥ 2) for i ∈ {1, 2}, and consider the following statements.
, then the reverse implication (2) ⇒ (3) holds as well.
Proof. Note that φ is not dominant if and only if its image is contained in a (possibly singular) curve in
, so that the parts coming from C 1 and C 2 are linearly disjoint. Definition 1.11. Let X be a variety over an algebraically closed field k, and let be a prime number that is invertible in k. For a class η ∈ H 1 et (X, Z ) and n ∈ Z >0 , we write L n (η) for the n -torsion line bundle given by
The key input of the proof of Theorem 1.6 is the following -adic version of Beauville's corollary [Bea88, Thm. 1] of the Green-Lazarsfeld generic vanishing theorem [GL87] . The proof relies on Beauville's result [loc. cit.].
Proposition 1.12. Let X be a smooth projective variety over an algebraically closed field k of characteristic 0, and let η ∈ H 1 et (X, Z ) be a nonzero element. Then the following are equivalent:
Since there are only finitely many possible C i , one of them must occur infinitely many times, which forces η ⊆ φ *
1 (X), Γ g ) with g ≥ 2. By Corollary 1.9, we may assume ρ is surjective (increasing g if necessary). Let τ : Γ g → Z be the homomorphism such that η = ρ * (τ ) ∈ H 1 et (X, Z ). If τ = 0, then clearly η ∈ S, so we may assume τ is surjective. Then the surjection πé t, 1 (X) Z Z/ n corresponds to the cyclic Z/ n -cover
where L n (η) is as in Definition 1.11. In particular, we find
, which is isomorphic to Γ n (g−1)+1 by Corollary 1.9, so Hodge theory gives
Thus, by (1.1) there are infinitely many n such that
Corollary 1.13. Let X be a smooth projective variety over an algebraically closed field k of characteristic 0. Then the locus S ⊆ H 1 et (X, Z ) of Definition 1.11 is the finite union
Proof. By property (1) of Proposition 1.12, every element η ∈ S is contained in φ * H 1 et (C, Z ) for some surjection φ : X → C to a smooth projective curve C of genus g ≥ 2. Taking Stein factorisation, we may assume φ * O X = O C . For different C, these spaces are pairwise linearly disjoint by Lemma 1.10. The saturatedness statement follows since property (4) of Proposition 1.12 for aη (a ∈ Z \ {0}) implies the same for η.
Proof of Theorem 1.6. It is well-known that rational maps to curves of genus ≥ 1 extend (see e.g. [vDdB18a, Cor. 4.1.4]). Moreover, π 1 is a birational invariant [SGA1, Exp. X, Cor. 3.4], hence both sides of the statement only depend on the birational isomorphism class of X. Then Chow's lemma [EGA2, Thm. 5.6.1] and resolution of singularities [Hir64] reduce us to the smooth projective case.
By Proposition 1.12 and Corollary 1.13, the union of the pullbacks
This defines a map
taking ρ to the unique (C, φ) with φ * O X = O C corresponding to the component of the wedge sum (1.2) in which ρ * H 1 (Γ g , Z ) lands. Moreover, the fibres of β are exactly the equivalence classes of ∼, showing that ∼ is an equivalence relation. Then β descends to a two-sided inverse of α.
Remark 1.14. The proof shows that the surjections ρ : πé t,
is inclusionwise maximal correspond to the maximal linear subspaces of the set S of Proposition 1.12. One can use this to state Theorem 1.6 in terms of maximal elements instead of equivalence classes.
However, there may be multiple surjections ρ : πé t, 1 (X) Γ g for which the pullbacks ρ * H 1 (Γ g , Z ) form the same maximal subspace of S, so they are only maximal in a weak sense. For this reason, we chose to state Theorem 1.6 in terms of equivalence classes.
Corollary 1.15. Let X be a smooth proper variety over an algebraically closed field k of characteristic 0, and let g ≥ 2. Then the set of (isomorphism classes of ) surjections φ : X → C with φ * O X = O C to a smooth projective curve C of genus g only depends on πé t, 1 (X). In particular, if k = C, it is a homotopy invariant of X.
Proof. Apply Theorem 1.6 to g 0 = g and g 0 = g + 1.
In contrast, the original Siu-Beauville theorem (Theorem 1.1) only addresses whether or not there exists a morphism X → C to a curve of some fixed genus g ≥ 2, not how many there are. Catanese also shows that if φ : X → C is a morphism from a smooth proper scheme X to a smooth projective curve C of genus g ≥ 2 over a field k of characteristic 0, then the forgetful transformation 
Lifting morphisms to curves
We apply Theorem 1.6 to prove that a morphism φ : X → C of smooth proper varieties to a curve C of genus ≥ 2 lifts along with any lift of X.
Theorem 2.1. Let R be a DVR of characteristic 0 with fraction field K and algebraically closed residue field k. Let X → Spec R be a smooth proper morphism, let C be a smooth projective curve over k of genus g ≥ 2, and let φ : X 0 → C be a morphism with φ * O X0 = O C . Then there exists a generically finite extension R → R of DVRs, a smooth proper curve C over R , a morphism φ : X R → C , and a commutative diagram
where F is purely inseparable. In particular, F is a power of the relative Frobenius if char k = p > 0, and F is an isomorphism if char k = 0.
Remark 2.2. That is, if X can be lifted, then so can any morphism φ : X → C with φ * O X = O C to a curve C of genus g ≥ 2, up to a generically finite extension R → R and a purely inseparable morphism Question 2.4. Let X and X be deformation equivalent smooth proper varieties over an algebraically closed field k of characteristic p > 0. If X admits a dominant morphism to a curve of genus g ≥ 2, then does X as well?
Proof of Theorem 2.1. The morphism φ : X 0 → C induces a surjection
By [SGA1, Exp. X, Cor. 3.9], we have an isomorphism πé t,
1 (XK), hence we may view ρ as a map πé t, 1 (XK) Γ g . By Proposition 1.12 and Corollary 1.13 there exists a unique morphism φ : XK →C with φ * O XK = OC to a smooth projective curveC overK of genus g(C ) ≥ 2 such that
There exists a finite extension K of K and a smooth projective curve C over K such that C K ∼ =C . Extending K if necessary, we may assume that C has a rational point and that the morphism φ : XK →C is defined over K . We then have a Gal(K/K )-equivariant surjection
Let R be the localisation of the integral closure of R in K at any prime above m R . Then the Gal(K/K )-action on πé t, 1 (XK) is unramified since X K has good reduction, hence by the surjection (2.2) the same is true for the Gal(K/
Since φ 0 has geometrically connected fibres, the finite part F is radicial. Since C 0 and C are smooth projective curves over an algebraically closed field, this implies F : C 
Under this isomorphism and the comparison πé 
so Lemma 1.10 (3) ⇒ (1) forces (φ, C) ∼ = (f, C ).
Line bundles on products of curves
We will give a criterion for a line bundle on a product i C i of curves in characteristic p > 0 that implies it cannot be lifted to i C i for any lifts C i of the curves C i ; see Proposition 3.14 below. We will give an example of this obstruction in Section 4. The main definitions are given in Definition 3.6 and Definition 3.9. It is based on the following lemma.
Lemma 3.1. Let S be a scheme, and let X i → S for i ∈ {1, . . . , r} be flat proper morphisms of finite presentation for which the Picard functor Pic Xi/S and the Albanese Alb Xi/S are representable (as scheme or algebraic space). Write X → S for the fibre product X 1 × S . . . × S X r . Then any choice of sections σ i of f i induces an isomorphism
Pic Xi/S × Proof of Lemma (sketch). When r = 2 the sections σ i induce a section
to the natural external tensor product map. The kernel consists of line bundles L on X trivial along the coordinate axes σ 1 ×X 2 and X 1 ×σ 2 . The trivialisation along X 1 × σ 2 (viewed as a rigidificator for the Picard functor Pic X2/S ) shows that this data corresponds to a morphism
The trivialisation along σ 1 × X 2 shows that φ(σ 1 ) = 0, hence φ lands inside Pic Indeed, by Lemma 3.1 applied to both X i × S X j and Alb i × S Alb j , the Albanese map X i × S X j → Alb i × S Alb j induces an isomorphism on the Hom factor of the lemma (line bundles trivialised along a coordinate cross). Hence, we may reduce to the case of abelian schemes, where it follows from the definition of the transpose. For the rest of this section, we will work in the following setup.
Setup 3.4. Let k be a field, let r ∈ Z >0 , and let C 1 , . . . , C r be smooth projective curves over k with C i (k) = ∅. Let X = i C i be their product. The principal polarisation from the theta divisor induces an isomorphism Pic 0 Ci/k ∼ = Alb Ci/k , and we will denote both by J i .
Corollary 3.5. The choice of rational points c i ∈ C i (k) induces an isomorphism
The projection Pic(X) → i<j Hom k (J i , J j ) does not depend on the choice of rational points c i ∈ C i (k).
Proof. Immediate from Lemma 3.1 and Remark 3.3.
Definition 3.6. Given a line bundle L ∈ Pic(X), we write
Q-subspace) generated by the compositions
for any m ≥ 2 and i 1 , . . . , i m ∈ {1, . . . , r} with i 1 = i m = i. Here we write φ ij = φ ji if i < j; see Remark 3.2. By Remark 3.3, the E i (L ) do not depend on the choice of rational points c i ∈ C i (k) (but the L i do). The compositions φ i1...im with i 1 = i m = i correspond to loops based at i, where an arrow travelled in reverse direction introduces a transpose (−) .
The E i (L ) are introduced because they behave well with respect to pullback under finite covers C i → C i (Lemma 3.10), as well as with respect to specialisation (Lemma 3.12). In particular, the E i (L ) provide an obstruction for a line bundle L on C i to lift to C i for any lifts C i of C i (Proposition 3.14).
Definition 3.9. Let C i and X be as in Setup 3.4, and let L ∈ Pic(X). Then L corresponds to an isogeny factor A of J i if there exists an isogeny factor
Here, π is a surjective homomorphism and ι is an element of Hom
Indeed, isogeny factors as in (3.1) correspond to idempotents p ∈ End
• (J i ) by setting p = ιπ, and under this correspondence we have
, then we say that L generates all endomorphisms of J i . This is a special case of the above, where we take A = J i , or equivalently p = id.
Lemma 3.10. Let C i and X be as in Setup 3.4, and let C i and X satisfy the same assumptions. For each i, let f i : C i → C i be a finite morphism, and denote their product by f :
Proof. Let c i ∈ C i (k) be rational points, and let c i ∈ C i (k) be their images. Let L i (L i ) and φ ji (φ ji ) denote the components of L (L ) as in Definition 3.6, with respect to the sections c i and c i . The map C i → J j of the proof of Lemma 3.1 factors as C i → C i → J j → J j , so on the Albanese we get
..im f im, * . Taking Q-vector spaces spanned by these elements proves the first statement. For the final statements, note that the pair (ι, π) = ( 1 deg(fi) f * i , f i, * ) as in (3.1) realises J i as an isogeny factor of J i , and this is an isogeny if g(C i ) = g(C i ).
Next, we look at how the E i (L ) interact with specialisation of endomorphisms.
Definition 3.11. If R is a DVR with fraction field K and residue field k, S = Spec R is its spectrum, and T is an S-scheme satisfying the valuative criterion of properness, then we get a specialisation map
In particular, we may apply this to T = Pic X /S for X → S a smooth proper S-scheme with geometrically integral fibres, or to T = Hom S (A, B) where A and B are abelian schemes over S. In the latter case, the specialisation map is an injective group homomorphism (see e.g. [vDdB18a, Cor. 4 
.3.4]).
Lemma 3.12. Let R be a DVR, and let C i be smooth projective geometrically integral curves over Spec R with sections σ i . Let X be their fibre product. Let L K ∈ Pic(C i,K ), and let L 0 ∈ Pic(C i,0 ) be its specialisation. Then for all i, we have
If L 0 corresponds to an isogeny factor A 0 of Jac Ci,0 , then L K corresponds to the isogeny factor A K of Jac C i,K for an abelian scheme A over R whose special fibre A 0 is isogenous to
as in Definition 3.6. Since specialisation acts componentwise on the right hand side of Lemma 3.1, we get sp(φ ji,K ) = φ ji,0 . We deduce that
Taking Q-vector spaces spanned by these elements proves the first statement.
Since specialisation is injective, we conclude that such q is unique, and that q is an idempotent as well. Similarly,
Let A K be the isogeny factor corresponding to q. Then A K has good reduction by Néron-Ogg-Shafarevich [ST68, Thm. 1], since Jac C i,K does. Let A be the Néron model over Spec R. Let (ι, π) correspond to the idempotent q as in Definition 3.9. By the Néron property of abelian schemes, π extends uniquely to a morphism π : Pic Ci/R → A. Similarly, if n is such that nι ∈ Hom(A K , Jac C i,K ), then nι extends uniquely to a morphism A → Pic Ci/R , which we also denote nι. The uniqueness statement implies that π 0 ι 0 = id and ι 0 π 0 = p. Therefore p corresponds to the reduction A 0 of A K , hence A 0 is isogenous to A 0 .
Remark 3.13. Unlike Lemma 3.10, there is no converse to the final statement of Lemma 3.12. For example, if End • (Jac Ci,0 ) is larger than End • (Jac C i,K ) and L i,K generates all endomorphisms of Jac C i,K , then L i,0 does not generate all endomorphisms of Jac Ci,0 , and in fact does not correspond to any isogeny factor. Proposition 3.14. Let C 1 , . . . , C r be smooth projective curves over a field k of characteristic p > 0 such that all endomorphisms of J 1 , . . . , J r are defined over k. Let L be a line bundle on X = i C i that corresponds to a nonzero supersingular isogeny factor A of End
• (J i ) for some i (see Definition 3.9). Then for any DVR R with residue field k and any lifts
, so we may take m = 1. Suppose C i are lifts of the C i and L is a lift of L . By Lemma 3.12, L K corresponds to a lift
But A is supersingular, so by a dimension count it is impossible to lift all its endomorphisms simultaneously (see e.g. [vDdB18a, Cor. 4.3.9]).
Generation by Rosati dual elements
In Lemma 4.3 below, we give an example of the situation of Proposition 3.14. The following slightly more technical result is needed to make an example of minimal dimension in Theorem 1. The reader who does not care about such matters may skip the proof; see Remark 4.5.
Theorem 4.1. Let (A, φ) be a polarised supersingular abelian variety of dimension g ≥ 2 over a field k containingF p . Then there exists an element x ∈ End
• (A) such that x and
Proof. Any supersingular abelian variety over a field containingF p is isogenous to E g , where E is a supersingular elliptic curve. Then D = End
• (E) is the quaternion algebra over Q ramified only at p and ∞, and End
. Moreover, when A is supersingular, the Rosati involution on End
• (A) does not depend on the rational polarisation used [Eke87, Prop. 1.4.2], so we may assume that φ is the product polarisation. Then the Rosati involution on M g (D) is given by
viewed as affine space over Q, and note that the ring operations are given by morphisms of Q-varieties. Then the set U of elements
as Q-vector space is given by the nonvanishing of a certain 4g 2 × 4g 2 determinant whose coefficients depend on x through the structure coefficients for multiplication and involution. But an open subset U ⊆ A 4g 2 Q has a Q-point if and only if it is nonempty, i.e. if and only if it has aQ-point. Thus, it suffices to study End
We want to show that theQ-subrng B ⊆ M 2g (Q) generated by x and x † is M 2g (Q). One easily computes x 2g−1 = e 1,2g , x 2g−3 = e 1,2g−2 + e 2,2g−1 + e 3,2g ,
,2 + e 2g,1 + e 2g−1,4 ) .
Write a = x 2g−1 and b = (x † ) 2g−3 , which makes sense because g ≥ 2. Then ab = −e 11 , hence bab = −e 2g,1 . Thus x − bab is the rotation matrix ρ given by e i → e i−1 for i > 1 and e 1 → e 2g . Now the matrices ρ a e 11 ρ b for various a and b give all standard basis vectors e ij , hence the matrix algebra M 2g (Q) is generated (asQ-rng) by x − bab and ab. Thus, B = M 2g (Q).
Remark 4.2. The theorem is false for g = 1. Indeed, for any x ∈ D, we have x † = Trd(x) − x, so in particular x and x † commute. Therefore, the noncommutative algebra D can never be generated by an element and its Rosati transpose.
Using the theorem, we construct an example of the situation of Proposition 3.14.
Lemma 4.3. Let k be an extension ofF p , and let C be a supersingular curve over k of genus g ≥ 2. Let r ≥ 3, and set C i = C for all i ∈ {1, . . . , r}. Then there exists a very ample line bundle
Remark 4.4. That is, L generates all endomorphisms of J 1 (in the sense of Definition 3.9), hence in particular corresponds to a nonzero supersingular isogeny factor. Thus, Proposition 3.14 implies that no multiple L ⊗m for m > 0 can be lifted to C i , for any lifts C i of C i . are given by x and x respectively. In Picture 3.8, this corresponds to going around the following loops (where all unmarked arrows are the identity):
Proof of
If P ∈ C(k) is a rational point, then the line bundle O(P ) r is very ample. Hence, for d 0, the line bundle
is very ample and satisfies E 1 (L ) = End
Remark 4.5. For r ≥ 4 we do not need to use Theorem 4.1. Indeed, by Albert's theorem on generation of separable algebras [Alb44] there exist x, y ∈ End • (J 1 ) that generate it as Q-algebra (see also [vDdB18a, Thm. 7.2 .1] for an elementary geometric proof analogous to our proof of Theorem 4.1 above). Hence the elements 1, x, and y generate End
• (J 1 ) as Q-rng.
Then we can run the argument of Lemma 4.3 using φ 42 = x, φ 43 = y, and all other φ ji equal to 1. The loops φ 1421 = x, φ 1431 = y, and φ 1321 = 1 then show
This corresponds to going around the following loops in Picture 3.8 (where again all unmarked arrows are the identity):
Stably irreducible divisors
We introduce the following property that plays a role in the proof of Theorem 1, as explained at the end of the Introduction.
Definition 5.1. Let k be a field, and let C 1 , . . . , C r be smooth projective curves over k. Then an effective divisor D ⊆ r i=1 C i is stably irreducible if for all finite coverings f i : C i → C i of the C i by smooth projective curves C i , the inverse image
In particular, D itself is geometrically irreducible.
We will show that a sufficiently general divisor D satisfies this property; see Proposition 5.3. The local computation we use is the following. j (x j ) for any closed points x i ∈ C i and x j ∈ C j for i = j.
Then D is stably irreducible.
Proof. Since all statements are geometric, we may assume k is algebraically closed. Let f i : C i → C i be finite coverings by smooth projective curves. If f i is purely inseparable, then it is a universal homeomorphism. This does not affect irreducibility, so we only have to treat the case that the f i are separable, i.e. generically étale. Now let x ∈ D be a point of codimension 1, and consider the image x i of x in C i . Let η i be the generic point of C i . Let x, x i , and η i be the images of x in X, of x i in C i , and of η i in C i respectively. Consider the set I = i ∈ {1, . . . , r} x i = η i = i x i = η i of i ∈ {1, . . . , r} such that x does not dominate the factor C i , i.e. x lies in a closed fibre of the projection X → C i .
The inverse image
k (x k ) for some i, j, k ∈ {1, . . . , r} pairwise distinct, contradicting the fact that x has codimension 1 in D . If |I| = 2, then x is the generic point of π i (x i ) for some i, and similarly for x . As in the case |I| = 0, the extensions C j → C j for j = i do not affect normality at x, so we may assume that C j = C j for j = i. Then the natural map Proposition 5.3. Let r ≥ 3, and let C 1 , . . . , C r be smooth projective curves over k. Let H be an ample divisor on r i=1 C i . Then there exists n 0 ∈ Z >0 such that for all n ≥ n 0 , a general divisor D ∈ |nH| is stably irreducible.
Consider the local homomorphism O
Proof. There exists n 0 such that for all n ≥ n 0 , the divisor nH is very ample. By the usual Bertini smoothness theorem, a general D ∈ |nH| is smooth, so in particular geometrically normal. Increasing n 0 if necessary, for a general D all fibres D ∩ π Remark 5.4. On the other hand, for r ≤ 2 no effective divisor D ⊆ i C i is stably irreducible. This is obvious if r ≤ 1 and for r = 2 if D is pulled back from either curve. For 'diagonal' divisors D ⊆ C 1 × C 2 , we can first apply a cover to C 1 to make its degree in C 1 × Spec K(C 2 ) larger than 1. Then it picks up an L-rational point after a finite extension L = K(C 2 ) of K(C 2 ), hence it becomes reducible in C 1 × C 2 .
Example 5.5. The conclusion of Proposition 5.3 is not true for all smooth divisors D ∈ |nH|. For example, let r = 3, C i = P 1 with coordinates [x i : y i ], and let D be given by x 1 x 2 x 3 − y 1 y 2 y 3 ∈ H 0 ((P 1 ) 3 , O(1) 3 ). Consider the affine charts associated with inverting one of {x i , y i } for each i. Then the local equations are xyz − 1 and xy − z, both of which define a smooth surface.
However, if we take the covers given by 
Main construction
For every prime p, we construct a smooth projective surface X overF p with the property that no smooth proper variety Y dominating X can be lifted to characteristic 0; see Construction 6.1 and Theorem 6.3 below.
Construction 6.1. Let p be a prime, let r ≥ 3 be an integer, and let k be an algebraically closed field of characteristic p. Let C 1 = . . . = C r = C be a supersingular curve over k of genus g ≥ 2. For example, the Fermat curve Proof. Note that W is irreducible since V is. Since specialisations lift along finite morphisms, we have dim(V ) = dim(W ) = dim(f −1 (W )). Hence, V is a component of f −1 (W ). Since f −1 (W ) is irreducible, we conclude that V = f −1 (W ) holds set-theoretically. Therefore, f * [W ] is a multiple of [V ].
Theorem 6.3. Let X be as in Construction 6.1. If k ⊆ k is a field extension and Y is a smooth proper k -variety with a dominant rational map Y X × k k , then Y cannot be lifted to characteristic 0.
Remark 6.4. Since X is a divisor in a product of r ≥ 3 curves, we get examples in every dimension ≥ 2. Of course, if X is an example of dimension d and Z is any m-dimensional smooth projective variety, then X × Z is an example of dimension d + m.
Since curves are unobstructed, the result in dimension 2 is the best possible. If p ≥ 5, then the Bombieri-Mumford classification [Mum69b; BM77; BM76] together with existing liftability results in the literature [Del81] , [Mum69a] , [NO80] , [Sei88] imply that every smooth projective surface X of Kodaira dimension κ(X) ≤ 1 can be dominated by a liftable surface [vDdB18a, Thm. 6.3.1]. Therefore, our surface of general type is the 'easiest' example possible.
Proof of Theorem. We may replace k by k and then replace k by k . This does not change the supersingularity of the C i , the generation of all endomorphisms of J 1 , or the stable irreducibility of X. This reduces us to the case k = k . 
